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$k$ , $K/k$ Galois $G$ Galois . $k$
$0_{k}$
$0$ prime ideals $P_{k}$ . $S\subset P_{k}$ .
$N/k$ , $\mathcal{P}_{N}$ ,
$0_{N}(S):=$ { $\in N|\mathrm{o}\mathrm{r}\mathrm{d}\mathfrak{P}(_{X)(}\geq 0\forall \mathfrak{P}\in \mathrm{p}_{N}$ S. $\mathrm{t}$ . $\mathfrak{P}\cap k\not\in S)$ }
. $\mathit{0}_{k}$ ( $\mathit{0}_{N}$ ) $M:=\mathit{0}_{k}$ – $\cup \mathfrak{p}\in \mathcal{P}_{k}-s\mathfrak{p}$
, $\cdot$ $\mathit{0}_{N}(S)=M^{-1}\mathrm{o}_{N}$ ( $\mathfrak{p}_{0}\in \mathcal{P}_{k},$ $S:=\mathcal{P}_{k}-\{\mathfrak{p}_{0}\}$ , $\mathit{0}_{k}(S)$
$\mathit{0}_{k}$ $\mathfrak{p}_{0}$ ). , Dedekind 1 Dedekind
, , $0_{N}$. $(S)$ Dedekind . 7
$\mathrm{o}_{N}(S)$ $0$
prime ideal $\{\mathfrak{P}0_{N}(S)|\mathfrak{P}\in \mathcal{P}_{N}, \mathfrak{P}\cap k\not\in S\}$ . , $(N=K,$ $k$
) $\mathrm{o}_{K}(S)$ $\mathrm{o}_{k}(S)[G]$ module . free module
( Gmlois normal basis theorem free ranl 1
), Dedekind $o_{K}(s)/\mathrm{o}k(S)$ normal basis . ,
$\mathit{0}_{k}(S)$
. [$\overline{G]}$-module $\text{ _{}o_{k}()}S[G]\cong 0_{K}(S)\text{ } 1$ $\alpha\in \mathit{0}_{K}(S)$
normal basis . , $\{\alpha^{s}\}_{S\in c}$ $\mathrm{o}_{K}(S)$ $\mathrm{o}_{k}(S)$ -free basis
.
$K/k$ tamely ramified , $S:=\phi$ , $o_{K}(S)=\mathit{0}_{K},$ $0_{k}(S)=\mathit{0}_{k}$ .
$0_{K/k}\mathit{0}$ normal basis , “$K/k$ normal integral basis
” .
Definition 11 $\mathfrak{p}\in \mathcal{P}_{k}-S$ $K/k$ (i.e., $\mathfrak{p}\mathit{0}_{K}=$




(i) $S$ $K/k$ wildly ramified $\mathit{0}_{k}$ prime ideals
.
(ii) $\mathrm{o}_{K}(S)$ projective $o_{k}(S)[G]$ -module .
, $o_{K}(s)/o_{k}(S)$ normal basis Lemma 11, (ii)
, $S$ Lemma 11, (i) .
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Remark 11. (i) $S$ Lemma 11, (i) . ,
$U\subset \mathcal{P}_{k},$ $|U|<\infty$ , $\mathrm{o}_{K}(U\cup S)/o_{k}(U\cup S)$ normal basis
. ([4, Proposition 11]). .
(ii) $0_{K}(S)/o_{k}(S)$ normal basis , $S\subset T$ (tensor $o_{k}(T)$
$\otimes_{\mathit{0}_{k}(S)}$ ) $o_{K}(T)/o_{k}(T)$ normal basis .
[4] – . $K/k$ Abel
, $o_{K}(S)/o_{k}(S)$ normal basis
(Theorem 22). 1 Remark 11, (i) ,
: “ $S$ Lemma 11, (i) ,
$\mathit{0}_{K}(S)/o_{k}(S)$ normal basis ”, $K/k$ $S$
? , Proposition 23, 24 , tamely ra fied Abel $K/k$
, $\mathit{0}_{k}$ prime ideals $\{S_{n}\}_{\mathcal{R}}\geq 1(S_{n}\subseteq S_{n+1})$
, $n\geq 1$ , $o_{K}(S_{n})/\mathrm{o}_{k}(S_{n})$ normal basis
.
, normal basis [5] .
2. RESULT
Section , $k$ CM , $k/\mathbb{Q}$ Galois
. $k\cap \mathbb{Q}(\zeta\ell)=\mathbb{Q}$ , .
, ($\ell$ 1 $\ell$ . $P_{k}$ . $\mathfrak{p}$. {
$\ell$
$\mathit{0}_{k}$ prime ideal $\mathfrak{p}$ , $e_{\mathfrak{p}}$ $\mathfrak{p}$ $k/\mathbb{Q}$ , $a_{\mathfrak{p}}.(\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}$ .
$b_{\mathfrak{p}})$ $\mathfrak{p}\cap \mathbb{Z}$ $k/\mathbb{Q}$ (resp. $\mathbb{Q}(\zeta\ell)/\mathbb{Q}$) .
$\tau_{\ell:=}$ { $\mathfrak{p}\in \mathcal{P}_{k}$ ; 2 $|e_{\mathfrak{p}}$ $\mathrm{o}\mathrm{r}\mathrm{d}_{2}(b)\mathfrak{p}=0$ }.
$k$ ,
$\mathfrak{S}_{1,\ell}:=$ { $\mathfrak{p}|\mathfrak{p}(\ell$ $\mathrm{o}\mathrm{r}\mathrm{d}_{2}(a_{\mathfrak{p}})+1\leq \mathrm{o}\mathrm{r}\mathrm{d}_{2}(b_{\mathfrak{p}})$ },
$k$ CM ) $k^{+}:=k\cap \mathbb{R}$ ,
$\mathfrak{S}_{21,l}:=\{\mathfrak{p}|\mathfrak{p}$ \dagger $\ell$ $\mathfrak{p}$ $k/k^{+}$
$\mathrm{o}\mathrm{r}\mathrm{d}_{2}(a_{\mathfrak{p}})+1\leq \mathrm{o}\mathrm{r}\mathrm{d}_{2}(b_{\mathfrak{p}})\}$,
$\mathfrak{S}_{22,\ell:}=$ { $\mathfrak{p}|\mathfrak{p}$ $\mathfrak{p}$ $k/k^{+}$
$\mathrm{o}\mathrm{r}\mathrm{d}_{2}(a_{\mathfrak{p}})=\mathrm{o}\mathrm{r}\mathrm{d}_{2}(b_{\mathfrak{p}})\}$ .
, $k$ (resp. CM ), $\mathfrak{S}\ell:=\mathfrak{S}_{1,\ell}$ (resp. $:=$
$\mathfrak{S}_{21,\ell}\cup \mathfrak{S}_{22,\ell})$ .
Proposition 21 .
(i) $\mathfrak{p}\in \mathfrak{S}_{\ell}$ . , $\sigma_{\beta}|$ $\forall \mathfrak{P}\in P_{k(\zeta_{l})}$ , $\mathfrak{P}$
$k(\zeta_{\ell})/k(\zeta_{\ell})^{+}$ .
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(ii) $k/\mathbb{Q}$ Abel , $k/\mathbb{Q}$ $d$ ,
(a) $k$ $CM$ $|\mathfrak{S}\ell|=\infty$ .
(b) $k$ , $ii[k : \mathbb{Q}]$ 2 , $(d, l)=1$ ”
$tt\ell\equiv 1$ mod 4 $(d, \ell)=1$ ” $|\mathfrak{S}\ell|=\infty$ .
PROOF. (i). $\mathfrak{S}\ell$ .
(ii). Dirichlet Tchebotarev .
Theorem 22 , $[k : \mathbb{Q}]$ $fK/k$
Abel . $Gal(K\cap\overline{k}/k)$ 2-group , $S\subset \mathfrak{S}_{\ell},$ $|S|<\infty$
. , $S$ $\mathfrak{p}$ , $\mathfrak{p}\{2$ $l|[K\cap k(\mathfrak{p}) : k]$
, 7 $o_{K}(S)/o_{k}(S)$ normal basis , ,
$\overline{k}$
$k$ Hilbert , $k(\mathfrak{p})$ $k$ mod $\mathfrak{p}$ the ray class field .
Remark 21. $\mathrm{m}$ $K/k$ conductor . $\exists \mathrm{q}\in \mathcal{P}_{k}-S\mathrm{s}$. $\mathrm{t}$ . $\mathrm{o}\mathrm{r}\mathrm{d}_{\mathrm{q}(\mathrm{m})}\geq 2$
. , $\mathrm{q}$ $K/k$ wildly ramffied Lemma 11
, $o_{K}(S)/o_{k}(S)$ normal basis . ,
, Theorem .
Section 3 , Theorem 22 :
Proposition 2.3. $p$ , $k\subset K\subset \mathbb{Q}(\zeta_{p})$ , $[k : \mathbb{Q}]$ .
, $l|[K : k]$ $l$ , $\forall S\subset \mathfrak{S}_{\ell},$ $|S|<\infty$
, $o_{K}(S)/o_{k}(S)$ normal basis . , $S:=\phi$ , $K/k$
normal integral basis . , $k$ $[k : \mathbb{Q}]$ 2
$l\equiv 1$ mod 4 , Proposition 21, (ii) $\mathfrak{S}_{\ell}$
.
PROOF. Theorem 22 $\mathfrak{p}$ , $p$ – $\mathit{0}_{k}$ prime
ideal .
Proposition 24. $k$ $[\overline{k} : k]$ 2 2 , $\mathfrak{p}$ $k/\mathbb{Q}$
$\mathit{0}_{k}$ prime ideal . $l|((\mathrm{N}\mathfrak{p}-1)/w_{\mathfrak{p}})$ $\ell$
. , $w_{\mathfrak{p}}:=|(\mathit{0}_{k}^{\mathrm{X}}+\mathfrak{p})/\mathfrak{p}|$ . , $\forall S\subset \mathfrak{S}_{l},$ $|S|<\infty$ ,
$\mathit{0}_{k(\mathfrak{p})}(S)/\mathrm{o}_{k}(S)$ normal basis . , $S:=\emptyset$ , $k(\mathfrak{p})/k$
normal integral basis . f $k$ 2 , $l$ $k/\mathbb{Q}$
| , $l\equiv 1$ mod 4 , Proposition 21, (ii)
$\mathfrak{S}\ell$ .
Proposition 24 G\’omez Ayala Schertz [2] .
, . $F$ , $\mathrm{m}$
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$\mathit{0}p$ ideal . $F(\mathfrak{m})$ $F$ mod $\mathrm{m}$ the ray class field , $w_{\mathrm{m}}$
$(0_{F}/\mathrm{m})^{\cross}$ $(\mathit{0}_{F}^{\cross}+\mathrm{m})/\mathfrak{m}$ ,
$[F(\mathfrak{m}) : F]=h_{F^{\frac{\varphi(\mathrm{m})}{w_{\mathrm{m}}}}}$ ,
, $\varphi$ Euler , $h_{F}$ $F$ . $F$ ideal
$H_{F}:=$ { $(\alpha)\mathit{0}_{F}|\alpha\in F^{\cross},$ $\alpha\equiv 1$ mod 4}
. (
).
Proposition 25. $k$ , $K/k$ 2 . $K/k$
$\mathit{0}_{k}$ prime ideals $\mathfrak{p}_{1}$ , $\cdot$ . . , $\mathfrak{p}_{u}(u\geq 0)$ .
$\text{ }f$
$K/k$ normal integral basis .
$\Leftrightarrow\exists d\in 0_{k}s$ . $t$ . $K=k(\sqrt{d})$ , $d\equiv 1$ mod 4, $(d)\mathit{0}_{k}=\mathfrak{p}_{1}\cdots \mathfrak{p}_{u}$ .
, $\frac{1+\sqrt{d}}{2}$ $K/k$ normal integral basis
.
:
Proposition 26. $F:=\mathbb{Q}(\sqrt{m}),$ $m\in \mathbb{Z},$ $m<0,$ $m$ square-free .
(i) ([2, Satz 1]) $m=-2,$ $-11,$ $-19,$ $-43,$ $-67,$ $-163$ ( ,
$h_{F}=1,0_{F}^{\cross}=\{\pm 1\})$ ,
(2.1) $\mathfrak{p}\{2$ , 2 $|((\mathrm{N}\mathfrak{p}-1)/2)$ , $\mathfrak{p}\not\in H_{F}$
$\mathit{0}_{F}$ prime ideals $\mathfrak{p}$ , $\mathfrak{p}$ , $F(\mathfrak{p})/F$
normal integra1basis .
(ii) ([2, Satz 2]) $m=-2,$ $-11$ ,
$\mathfrak{p}(6,$ $\mathfrak{p}0_{F(3)}\not\in H_{F(3)}$
$\mathit{0}_{F}$ prime ideals $\mathfrak{p}$ , $\mathfrak{p}\text{ _{ }}f$ $F(3\mathfrak{p})/F(3)$
normal integral basis .
Remark 22. $m=-11,$ $-19,$ $-43,$ $-67,$ $-163$ . , $F/\mathbb{Q}$
$\mathit{0}_{F}$ prime ideal $\mathfrak{p}$ $(\mathrm{i}.\mathrm{e}., \mathfrak{p}|m)$ , $m$
$l=5,3,3$ ( 7), 3( 11), 3 Proposition 24 ,
$F(\mathfrak{p})/F$ normal integral basis . , $\mathfrak{p}$ (2.1)
, Proposition 24 Proposition 26, (i) .
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3. OUTLINE OF PROOF
Lemma 11 , $S$ Lemma 1.1, (i) . $L:=K\cap k(\mathfrak{p})$
. $o_{K}(S)/o_{k}(S)$ normal basis . , $\mathrm{o}_{L}(S)/\mathrm{o}_{k}(S)$
normal basis . $S$ tameness , $\mathrm{T}\mathrm{r}_{L/k}(\alpha)=1$
$\mathrm{o}_{L}(S)/\mathrm{o}_{k}(S)$ normal basis $\alpha$ . $\ell|[L : k]$
, $l$ $Gal(L/k)$ $\chi$ . , $k_{\chi}$ $\mathrm{K}\mathrm{e}\mathrm{r}\chi$ $L/k$
, $k_{\chi}/k$ $\ell$ . , $\mathfrak{p}$ k\mbox{\boldmath $\chi$}
. , $L\subset k(\mathfrak{p})$ k\mbox{\boldmath $\chi$}
$\mathfrak{p}$ , $k_{\chi}\subset\sim k$ . $Gal(K\cap k/k)\sim$ 2-group
. , $k_{\chi}\subset k(\mathfrak{p})$ , $\mathfrak{p}$ $k_{\chi}/k$ tamely
ramified . $\mathfrak{p}$ $k_{\chi}/k$ , $\alpha$ resolvent
:
(3.1) $(\langle\alpha, x\rangle t)0_{k(\zeta_{l}})(S)=\mathfrak{P}\theta$ ,
, $\mathfrak{p}$ $0_{k(\zeta_{l})}$ prime ideal, $\theta$ Stickelberger element
( : $k\cap \mathbb{Q}(\zeta_{l})=\mathbb{Q}$ , ’ $Gal(k(\zeta\ell)/k)\cong Gal(\mathbb{Q}(\zeta_{\ell})/\mathbb{Q})$ , $\theta\in$
$\mathbb{Z}[Gal(k(\zeta\ell)/k)]$ ) , $\langle\alpha, \chi\rangle:=\sum_{S\in Ga\iota(}L/k)\chi(S^{-}1)\alpha^{S}$ . (3.1)
Stickelberger Gauss , $\alpha$
resolvent $k(\zeta\ell)$ Jacobi
. Brinkhuis [1, Theorem 2]
( , Theorem 22 Brinkhuis 1 –
; “ $[k : \mathbb{Q}]$ , $\mathfrak{p}\in T_{\ell},$ $\mathfrak{p}$ (2” ).
, : $\forall\epsilon\in 0_{k(\zeta_{l})}(s)^{\cross}$ , \epsilon / 1
. , $\overline{\epsilon}$ $\epsilon$ , CM
S- .
PROOF. $F:=k(\zeta\ell)$ . $W_{F}$ $F$ 1 , $\overline{S}$ $S$
$\mathit{0}_{F}$ prime ideals , $\tilde{S}_{\infty}$ $F$ ,
$T:=\overline{S}\cup\overline{S}_{\infty},$ $t:=|T|$ . Dirichlet ,
$f$ : $\mathrm{o}_{F}(S)\crossarrow \mathbb{R}^{t}$ , $u\mapsto(\log|u|_{\mathrm{q}})\mathrm{q}\in T$
$(t-1)$ , $\mathrm{K}\mathrm{e}\mathrm{r}f=W_{F}$ . $k$
CM- , $F$ CM . , Proposition
2.1, (i) $\overline{S}$ trivially . , $\overline{\epsilon}\in \mathit{0}_{F}(S)^{\mathrm{X}}$ .
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